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Abstract
In general relativity one of the most fundamental issues consists in defining
a generally acceptable definition for the energy-momentum density. As a con-
sequence, many coordinate-dependent definitions have been presented, whereby
some of them utilize appropriate energy-momentum complexes. We investigate
the energy-momentum distribution for a metric exterior to a spherically symmet-
ric black hole in the brane world by applying the Landau-Lifshitz and Weinberg
prescriptions. In both the aforesaid prescriptions, the energy thus obtained de-
pends on the radial coordinate, the mass of the black hole and a parameter λ0,
while all the momenta are found to be zero. It is shown that for a special value
of the parameter λ0, the Schwarzschild space-time geometry is recovered. Some
particular and limiting cases are also discussed.
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1 Introduction
In general relativity there has not been given so far a generally accepted expression for
the energy density in gravitational fields, while none of the various approaches used has
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provided a strong indication for its candidacy as the best for the energy-momentum
localization. Over the past years, numerous attempts have been made in order to calcu-
late the energy-momentum distribution of the gravitational field, utilizing tools such as
superenergy tensors [1], quasi-local expressions [2], energy-momentum complexes [3]-[10]
and even the tele-parallel (tetrad) theory of gravity [11].
A few remarks concerning the aforementioned different approaches are deemed neces-
sary. The approach using the superenergy tensors has improved the energy-momentum
expressions a great deal in recent years, while the definitions of the quasi-local mass
exhibit the advantage of being applicable to any coordinate system. On the other
hand, pseudotensorial definitions which make use of the energy-momentum complexes
of Einstein [3], Landau-Lifshitz [4], Papapetrou [5], Bergmann-Thomson [6], Møller [7],
Goldberg [8], Weinberg [9] and Qadir-Sharif [10] have been applied to many spacetime
geometries, yielding also significant results. Here it is worth mentioning that the Ein-
stein, Landau-Lifshitz, Papapetrou and Weinberg (henceforth ELLPW) prescriptions
use quasi-Cartesian coordinates, whereas the Møller energy-momentum complex can be
applied to any coordinate system. Finally, as far as the 3+1, 2+1 and 1+1 dimensional
space-times are concerned, we may point out how useful the pseudotensorial definitions
have been proven for the evaluation of the gravitational energy-momentum. We may
notice that for many gravitational backgrounds different prescriptions have given the
same expression for the energy-momentum (e.g., [12] and references therein, mainly on
the LL and W prescriptions).
In the tele-parallel theory of gravity a regularized expression for the gravitational
energy-momentum is derived. It has been shown that the theory of general relativity
can be reformulated in the context of the tele-parallel (Weitzenbo¨ck) geometry. Re-
cently, there has been an increasing interest in calculations employing this theory and
many significant results for various space-times ([11]) have been obtained. At this point,
the similarity of some results generated by pseudotensorial prescriptions and their tele-
parallel versions (see, e.g., [13]) should also be stressed.
However, even if the aforementioned approaches have not led to a generally accepted,
well-defined expression for the gravitational energy density, they have contributed to
establishing a basis for the performance of valid calculations.
The remainder of this paper is organized as follows: in Section 2 a short presentation
of the energy-momentum complexes is given along with some details on the Landau-
Lifshitz and Weinberg energy-momentum complexes utilized for the calculations in the
present paper. Section 3 is devoted to the calculations of the energy-momentum for a
new black hole solution in the brane world. Finally, the Discussion contains a summary
of the results and a presentation of some particular limiting cases. Throughout the
paper we have used geometrized units (c = 1;G = 1) and the signature (+,−,−,−) for
the Landau-Lifshitz and Weinberg prescriptions in Schwarzschild-Cartesian coordinates,
while Greek indices range from 0 to 3 while Latin indices from 1 to 3.
2
2 Energy-Momentum Complexes - A Short Presen-
tation
The energy-momentum complexes of Einstein [3], Landau-Lifshitz [4], Papapetrou [5],
Bergmann-Thomson [6], Møller [7], Goldberg [8], Weinberg [9] and Qadir-Sharif [10]
have been employed for numerous gravitational backgrounds, leading to acceptable re-
sults for the energy-momentum localization. An energy-momentum complex is made
up of three components describing the gravitational field, the matter and the possible
non-gravitational fields, respectively. The energy-momentum complexes conserve the
differential conservation law.
Among the characteristic features, or better said, weaknesses of these complexes, we
should mention the fact that they are coordinate dependent. This, together with the fact
that the calculations can be performed only in quasi-Cartesian coordinates, except for
the Møller prescription, has led to their rather scarce utilization for energy-momentum
localization.
Chang, Nester and Chen [14] attempted to rehabilitate the energy-momentum com-
plexes, by showing that these are quasi-local and by emphasizing their importance. One
should point out that different quasi-local definitions correspond to different boundary
conditions. Also, So, Nester and Chen [15], in an attempt to improve the pseudotensorial
mechanism, showed that “for small vacuum regions the Einstein, Landau-Lifshitz, Papa-
petrou, Weinberg, Bergmann-Thomson and Goldberg pseudotensors have the zero order
material limit required by the equivalence principle”. The Møller prescription though
does not comply to this.
Furthermore, the aforementioned pseudotensors are not proportional to the Bel-
Robinson tensor. Thus, some attempts have been made in order to find a profitable
combination of different pseudotensors. This way, they managed to make improvements
and to elaborate an independent combination of Bergmann-Thomson, Papapetrou and
Weinberg energy-momentum complexes. They also formulated a one parameter set of
linear combinations of classical pseudotensors with the required Bel-Robinson connec-
tion.
Part of the significance of the energy-momentum complexes relies on the proof that
several energy-momentum complexes “coincide” for any metric of the Kerr-Schild class
[16]-[17]. Furthermore, we may notice that the definitions provided by Einstein, Landau-
Lifshitz, Papapetrou, Bergmann-Thomson, Weinberg and Møller agree with the quasi-
local mass definition introduced by Penrose [18] and developed by Tod [19], at least for
some space-times and some energy-momentum complexes. Moreover, it has been shown
that different prescriptions yield the same result for a given gravitational background
under the condition that the calculations are performed in Schwarzschild Cartesian and
Kerr-Schild coordinates, while satisfying results have also been obtained for 2 and 3
dimensional space-times [12], [16]. However, there do exist some cases where different
energy-momentum complexes yield different results when the calculations are performed
in Schwarzschild Cartesian and Kerr-Schild coordinates [17].
Last but not least, we should mention two more viewpoints supporting the importance
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of the energy-momentum complexes. Lessner [20] has argued that “the Møller definition
is a powerful concept of energy and momentum in general relativity”, while Cooperstock
[21] has emphasized, in his hypothesis of utmost importance, the fact that “the energy
and momentum are confined to the regions of non-vanishing energy-momentum tensor
for the matter and all non-gravitational fields”.
Now, we shall present the energy-momentum complexes used in the present work.
The Landau-Lifshitz energy-momentum complex [4] reads
Lµν =
1
16pi
Sµρνσ, ρσ (1)
and the corresponding superpotentials are given by:
Sµνρσ = −g(gµνgρσ − gµρgνσ). (2)
L00 and L0i represent the energy and the momentum density components, respectively.
The Landau-Lifshitz energy-momentum complex satisfies the local conservation law
Lµν, ν = 0. (3)
The integration of Lµν over the 3-space gives the expression for the energy-momentum
four-vector:
P µ =
∫ ∫ ∫
Lµ0 dx1dx2dx3. (4)
By using Gauss’ theorem one obtains
P µ =
1
16pi
∫ ∫
Sµ0iν,ν nidS =
1
16pi
∫ ∫
Uµ0inidS. (5)
The Weinberg energy-momentum complex [9] is given by
W µν =
1
16pi
D
λµν
, λ , (6)
where the superpotentials are
Dλµν =
∂hκκ
∂xλ
ηµν −
∂hκκ
∂xµ
ηλν −
∂hκλ
∂xκ
ηµν +
∂hκµ
∂xκ
ηλν +
∂hλν
∂xµ
−
∂hµν
∂xλ
, (7)
with
hµν = gµν − ηµν
andW 00,W 0i represent the energy and the momentum density components, respectively.
The Weinberg energy-momentum complex satisfies the local conservation law
W µν, ν = 0. (8)
The integration of W µν over the 3-space yields the expression for the energy-momentum
four-vector:
P µ =
∫ ∫ ∫
W µ0 dx1dx2dx3. (9)
By applying Gauss’ theorem we obtain
P µ =
1
16pi
∫ ∫
Di0µnidS. (10)
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3 Energy-Momentum for a New Black Hole Solution
in the Brane World
Since the introduction of the brane world notion and the role of gravity in it (for a review
see, e.g., [22] and references therein), an increasing interest in black hole solutions in this
context has led to an accordingly increasing number of relevant works, such as [23] just to
select but a few publications that review the subject. On the other hand, there is rather
little work concerning the calculation of energy-momentum in brane world models, see,
e.g., [24] and in particular for black hole solutions in such models [25].
Searching for black hole solutions on the brane, Casadio, Fabbri and Mazzacurati
[26] found a new static, spherically symmetric and asymptotically flat solution that has
the line element:
ds2 = (1−
2M
r
)dt2 −
(1− 3M
2r
)
(1− 2M
r
)(1− λ0
r
)
dr2 − r2(dθ2 + sin2 θdϕ2), (11)
where λ0 ∈ R
+ and M is the ADM mass. In fact, it is shown [27] that the line element
(11) can be also used to describe space-time geometry exterior to a homogenous star
on the brane, while for λ0 > 2M it gives a wormhole geometry [28]. Furthermore, the
metric described by (11) represents a black hole solution in the brane world also in the
context of the Teleparallel Equivalent of General Relativity (TEGR) [25].
For the specific values λ0 = 0, M = 0 the space-time geometry given by (11) is flat,
while for λ0 =
3
2
M , (11) becomes the Schwarzschild line element.
The line element (11) can be written in Schwarzschild-Cartesian coordinates, which
we need for the utilization of the Landau-Lifshitz and Weinberg prescriptions, as follows:
ds2 = B(r)dt2 − (dx2 + dy2 + dz2)−
A(r)− 1
r2
(xdx+ ydy + zdz)2, (12)
with A(r) and B(r) given by
A(r) =
(1− 3M
2r
)
(1− 2M
r
)(1− λ0
r
)
, B(r) = (1−
2M
r
). (13)
The calculation for the superpotentials yields the following non-vanishing components
for the
• Landau-Lifshitz prescription
U ttx =
2x
r2
[(1− 3M
2 r
)− (1− λ0
r
)(1− 2M
r
)]
(1− 2M
r
)(1− λ0
r
)
, (14)
U tty =
2y
r2
[(1− 3M
2 r
)− (1− λ0
r
)(1− 2M
r
)]
(1− 2M
r
)(1− λ0
r
)
, (15)
U ttz =
2z
r2
[(1− 3M
2 r
)− (1− λ0
r
)(1− 2M
r
)]
(1− 2M
r
)(1− λ0
r
)
. (16)
where the U ’s are defined by Eq.(5).
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• Weinberg prescription
Dxtt =
2x
r2
[(1− 3M
2 r
)− (1− λ0
r
)(1− 2M
r
)]
(1− 2M
r
)(1− λ0
r
)
, (17)
Dytt =
2y
r2
[(1− 3M
2 r
)− (1− λ0
r
)(1− 2M
r
)]
(1− 2M
r
)(1− λ0
r
)
, (18)
Dztt =
2z
r2
[(1− 3M
2 r
)− (1− λ0
r
)(1− 2M
r
)]
(1− 2M
r
)(1− λ0
r
)
. (19)
Utilizing Eq.(5) along with the metric (12) and the quantities (14)-(16) we obtain for
the energy distribution inside a 2-sphere of radius r
ELL =
r
2
[(1− 3M
2 r
)− (1− λ0
r
)(1− 2M
r
)]
(1− 2M
r
)(1− λ0
r
)
, (20)
while the momenta are found to be zero.
In a similar way, using Eq.(10) and (17)-(19) we get, for the Weinberg prescription,
an expression for the energy inside a 2-sphere of radius r that is equal to the one obtained
in the Landau-Lifshitz case
EW = ELL =
r
2
[(1− 3M
2 r
)− (1− λ0
r
)(1− 2M
r
)]
(1− 2M
r
)(1− λ0
r
)
, (21)
while, again, the momenta are found to be zero.
Inserting the specific value λ0 =
3M
2
in (21), we obtain
ELL = EW = M(1−
2M
r
)−1, (22)
which is identical to the expression obtained by Virbhadra for the Schwarzschild metric
[17].
It is seen from (21) that the energy in both the Landau-Lifshitz and the Weinberg
prescriptions depends on the mass M of the black hole, the parameter λ0 and the radial
coordinate r.
4 Discussion
In our paper we have studied the energy-momentum for a new black hole solution in the
brane world described by the line element
ds2 = (1−
2M
r
)dt2 −
(1− 3M
2r
)
(1− 2M
r
)(1− λ0
r
)
dr2 − r2(dθ2 + sin2 θdϕ2).
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In particular, we have used the definitions of Landau-Lifshitz and Weinberg in order to
calculate the expressions for the energy and the momentum. It is found that, in the
gravitational background considered, all the momenta vanish while the energy depends
on the mass M , the radial coordinate r and the positive parameter λ0, for both the
Landau-Lifshitz and Weinberg prescriptions. In fact, the energy obtained is found to be
the same in both prescriptions and it is given by
EW = ELL =
r
2
[(1− 3M
2 r
)− (1− λ0
r
)(1− 2M
r
)]
(1− 2M
r
)(1− λ0
r
)
.
Specifically, for the value λ0 =
3M
2
the expression for the energy reads ELL = EW =
M(1− 2M
r
)−1, being the result obtained by Virbhadra for the Schwarzschild metric [17].
As it is evident, for r → ∞ the last expression gives ELL = EW = M which represents
the ADM mass, while for r → 0, ELL = EW = 0.
In the following table we summarize the limiting behavior of the energy in both
prescriptions for two particular cases:
Limit EnergyLL EnergyW
r → 0 0 0
r → 2M ∞ ∞
r →∞ 1
2
(M
2
+ λ0)
1
2
(M
2
+ λ0)
At r = 2M lies the event horizon of the black hole as in the Schwarzschild case.
The result ELL = EW =
1
2
(M
2
+ λ0) for r → ∞ was also obtained by Gamal G.L.
Nashed [25] in the context of TEGR. If we consider this limiting case for λ0 =
3M
2
we
get again E = M which is consistent with the energy obtained for the Schwarzschild
solution, whereby M is the ADM mass. The agreement between our result and the
result obtained in the context of TEGR is worth to be pointed out if one considers that
general relativity is a geometrical theory (the metric tensor being its fundamental field),
while TEGR is actually a gauge theory (with a gauge potential as its fundamental field)
[29]. Thus, we have come up with the same result not only by using a different theory
but also by applying a different methodology.
Even if our present work does not settle the problem of the energy-momentum lo-
calization of the gravitational field by using energy-momentum complexes, the results
obtained can be considered as a contribution to the ongoing debate concerning this issue.
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